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Formulas for the spin-lattice relaxation time of nuclei in metals at very low temperatures have been
derived. The formulas show that the law 7, « 7! holds only when 27>>y,%B, whereas the relaxation be-
comes nonexponential (except in the case of 7=%) and temperature-independent at lower temperatures.

N calculations concerning the spin-lattice relaxation
of nuclei by conduction electrons it has usually been
assumed that the nuclear Zeeman energy v.2B<kT.
However, this condition is not valid, e.g., in nuclear
demagnetization and equilibrium nuclear orientation
experiments. Cameron et al.! have noted that because
of Fermi-Dirac statistics the spin-lattice relaxation
time 71 of nuclei approaches a constant value when the
temperature is lowered below T z=v.%B/k. Brewer
el al?2 have observed this phenomenon experimentally.
In this paper, we present results of calculations which
lead to quantitative predictions for the temperature
dependence of the spin-lattice relaxation time at very
low temperatures.

For the sake of simplicity the case of a monoisotopic
sample in a homogenous magnetic field will be con-
sidered. The direction of the magnetic field B is chosen
as the z axis.

The coupling between the nuclei and the conduction
electrons can be expressed in the form

Hint=3"; A 1, (1)
where I is the spin of the 7th nucleus and A; is a function
of the spatial coordinates of the electrons and the nuclei
and of the spins of the electrons; e.g., the contact
interaction and the dipole-dipole coupling are of form
(1). We assume that the coupling between the electrons
is so weak that it is sufficient to consider only processes
in which one electron scatters from the nuclear system.
The probability for the transition of the nuclear spin
system from the eigenstate |I) of total nuclear spin to
the state |I’) is then

w(l — I")= 2% Y (2r) / dk dk' f(E(k)—v.hs-B)

X[1—f(E(K)—vchs'-B)]

X | (k's'T| Hint| ksI ) |28 (Es—E3),  (2)

where |ks) and |k’s’) are the states of the electron
before and after the scattering, and E; and E; are the
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initial and final energies of the whole system. y%s-B and
v.48"-B are the Zeeman energies of the electron before
and after the scattering; f(E)={1+exp[(E—Er)/
kT]}'is the Fermi function. In metals at temperatures
of interest Ex>kT and Ep>v.As-B>>v,71;-B. Thus
the integrand is different from zero only in the relatively
narrow energy region, where

|E(k)—Erp| SE(T+T32),
|E(k')—Er| Sk(T+T2).

Therefore, we can substitute in formula (2)
JE&)—y.hs-B)[1— f(E(K)—v.hs'-B)]6 (E:—E:)

v-hB- (I'—1)
= 1—e"‘YnhB-(I’—I)IlcT3{E(k)—EF)6(E(kI)—EF)’ )

where
I=>; 1.

In the derivation of the formula (3) we have used the
equation

’ f(EYQ—f(E+AE)) dE=AE/(1—¢ AEIRT),

Summing (2) over all states with
Izl=Zi Ii¢’=Iz+1 )
and using formulas (1) and (3) we get

w(l+)= 2

I/=I-1

= (=P S KT T 1), (@)

w( —I')

where

'YTIB

Kij= / dk dk’ 8(E (k) — Ex)o(E (k) — Ex)

27

XTro(k| Aoy [K) (K| 45-[k), (3)

Aip=Ais+iA4,y, and Tr, means trace in the electron-
spin space. The rate of change of the ensemble average
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TasrE I. Equlibrium value of the nuclear polarization and the
momentary spin-lattice relaxation time as function of the temper-
ature for I < 5.

/K™

I T/Tgz Jio =0 fi=05 fi=1 fi=fu
0 1.0000 1.0000 1.0000 1.0000 1.0000

0.3 0.9311 0.9311 0.9311 0.9311 0.9311

1 1 0.4621 0.4621 0.4621 0.4621 0.4621
2 3 0.1651 0.1651 0.1615 0.1651 0.1651
10 0.0500 0.0500 0.0500 0.0500 0.0500

30 0.0167 0.0167 0.0167 0.0167 0.0167

0 1.0000 0.7500 0.6514 0.5000 0.5000

0.3 0.9631 0.7224 0.6339 0.4982 0.5136

1 1 0.5752 0.4314 0.4052 0.3650 0.4007
3 0.2182 0.1636 0.1601 0.1546 0.1622

10 0.0666 0.0499 0.0496 0.0491 0.0499

30 0.0222 0.0167 0.0166 0.0166 0.0167

0 1.0000 0.6000 0.4810 0.3333 0.3333

0.3 0.9753 0.5852 0.4742 0.3333 0.3415

3 1 0.6618 0.3971 0.3536 0.2906 0.3373
2 3 0.2694 0.1616 0.1550 0.1445 0.1582
10 0.0831 0.0499 0.0492 0.0482 0.0498

30 0.0278 0.0167 0.0166 0.0165 0.0167

0 1.0000 0.5000 0.3807 0.2500 0.2500

0.3 0.9815 0.4908 0.3772 0.2500 0.2547

2 1 0.7260 0.3630 0.3089 0.2354 0.2805
3 0.3183 0.1591 0.1496 0.1348 0.1533

10 0.0996 0.0498 0.0489 0.0474 0.0496

30 0.0333 0.0167 0.0166 0.0164 0.0167

0 1.0000 0.4286 0.3147 0.2000 0.2000

0.3 0.9852 0.4222 0.3127 0.2000 0.2030

s 1 0.7732 0.3314 0.2714 0.1949 0.2335
2 3 0.3646 0.1562 0.1442 0.1257 0.1477
10 0.1160 0.0497 0.0485 0.0465 0.0494

30 0.0389 0.0167 0.0165 0.0163 0.0166

0 1.0000 0.3750 0.2682 0.1667 0.1667

0.3 0.9877 0.3704 0.2668 0.1667 0.1687

3 1 0.8081 0.3031 0.2402 0.1648 0.1962
3 0.4080 0.1530 0.1388 0.1171 0.1416

10 0.1322 0.0496 0.0481 0.0456 0.0492

30 0.0444 0.0167 0.0165 0.0162 0.0166

0 1.0000 0.3333 0.2335 0.1429 0.1429

0.3 0.9894 0.3298 0.2326 0.1429 0.1444

7 1 0.8345 0.2782 0.2145 0.1422 0.1672
2 3 0.4485 0.1495 0.1333 0.1091 0.1351
10 0.1484 0.0495 0.0477 0.0448 0.0490

30 0.0499 0.0166 0.0164 0.0161 0.0166

0 1.0000 0.3000 0.2068 0.1250 0.1250

0.3 0.9908 0.2972 0.2061 0.1250 0.1262

4 1 0.8548 0.2564 0.1932 0.1248 0.1446
3 0.4860 0.1458 0.1278 0.1017 0.1284

10 0.1644 0.0493 0.0473 0.0439 0.0487

30 0.0555 0.0166 0.0164 0.0160 0.0166

0 1.0000 0.2727 0.1855 0.1111 0.1111

0.3 0.9918 0.2705 0.1850 0.1111 0.1120

9 1 0.8708 0.2375 0.1755 0.1110 0.1270
2 3 0.5205 0.1420 0.1225 0.0948 0.1216
10 0.1803 0.0492 0.0469 0.0431 0.0484

30 0.0610 0.0166 0.0164 0.0159 0.0166

0 1.0000 0.2500 0.1682 0.1000 0.1000

0.3 0.9926 0.2482 0.1678 0.1000 0.1007

5 1 0.8836 0.2209 0.1605 0.1000 0.1129
3 0.5522 0.1380 0.1173 0.0886 0.1149

10 0.1960 0.0490 0.0465 0.0423 0.0481

30 0.0665 0.0166 0.0163 0.0158 0.0166

(I.)1is
d
(‘i;(fz)=Zzﬁ(1)[w(1+)—wa—)], (6)

where p(I) is the probability that the system is in
state |I).
Using (4) and a similar formula for

w(I—)=§, w(l —1'),

where the sum extends over states with 7,/=7,—1, we
get

d
5(Iz>=2 Kii((L Ly = (Tl s2))
Tz
-3 K“<Izz> coth—. (7)
i 2T

Assuming further (see below) that the interference terms
i j can be neglected in the first sum of formula (7)
and noting that K;; does not depend on 7, we can write

4 7 —K[3(1+1)—I thz—zJ 8
ik Je—fico o ®)

where K=K ;, fi=(I.:)/I=(I.)/NI is the polarization
of the nuclei, and fo={I.2)/I?—(I+1)/3I is the

alignment.

In the case [=14, f, is identically zero and the relaxa-
tion is thus exponential with a time constant

1= (1/K) tanh(T z/27T), )
and the saturation value of polarization is
f10= tanh(Tz/ZT). (10)

In the high-temperature limit T>>IT, the term If,
can usually be ignored because either f,< fi or fo<<1.
In this case, we get

Spek(3atv-s),  an

dat T,

and for 717" we get the constant value
(117)=Tz/2K , (12)

which is the conventional result for the relaxation time,
often called the Korringa law. Formula (12) can be used
to the experimental determination of K.

As the spin-spin coupling energy corresponds to a
temperature of a few udeg only, we can still in the
millidegree region consider states corresponding to the
same value of /. as degenerate. On the other hand, the
spin-spin relaxation time 7, in metals at low tempera-
tures is much shorter than 7y so that all states with the
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same value of 7, will also be equally probable during
the relaxation process provided that the splitting caused
by spin-spin coupling can be neglected. As N is a large
number, we can characterize the subspace in which
I,=M by fil ={I,;)= M/N. This substitution is similax
to the transition from a microcanonical to a canonical
ensemble in statistical mechanics. From the previous
considerations we see that we can use the density
operator

pim=(1/Z)e*m (13)
for individual nuclear spins, where # is an eigenvalue
of I.;, Z is the sum of states, and a=Tz/T, with T, as
the spin temperature. Using (13) to calculate the
expectation values of I, and 71,2, we get

fi=[(21+1)/2I ] coth[5(2/+1)a]

—(1/21) cothia (14)
and
fr=3(+1)/I—(1/I) fi cothia, (15)
so that (8) becomes
d
—N=Kfi(x—4), (16)
dt

where 4 =coth(7Tz/2T) and x=coth}a. Formula (14)
can now be written in the form

2T (b D) (p— 120 1

2 (b1 — (1 2T

17)

From Egs. (16) and (17), it is easy to calculate numeri-
cally the time derivative of f; at any value of f; and T.
As f1 determines the density operator through formulas
(13) and (14), it is further possible to calculate the time
development of any observable depending on nuclear
spin. Although the relaxation is not exponential, we
can define an apparent momentary relaxation time

=G ) / <%f)

where the equilibrium value of the polarization fio
can be calculated from formula (14) for T',=T.

Numerical calculations show that for I>%, 7/
decreases with increasing f; so that the maximum value
of 71" for fixed temperature is

1 (f1i=0)=3f10/2(I-+ 1)K (18)
and the minimum value is
' (fi=1)=1—fu)/(A—-1K. (19)

Regardless of which side the equilibrium is approached
from, the relaxation ends with the time constant
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F16. 1. Apparent spin-lattice relaxation time 7 of nuclei
(I=3%) as function of nuclear polarization f; and temperature 7.
71’ is given in units of K~ and T given in units of T'z. The heavy
line starting from the origin gives the saturation value of polariza-
tion and corresponding relaxation time as function of 7.

1
1 (f1=f10)=2“1*j_;};

4(2741)2(A2—1)U
(-2 ) o
[(A+1)rH— (A —1pr

Although the relaxation is not exponential, it is
often convenient to fit an exponential decay to the
experimentally observed deviations from equilibrium.
In this way, one gets an experimental relaxation time,
which is dependent on the way in which the fit is done.
For most ways measurements should, however, give a
result which is between 7,'(fi=0) and 7,'(fi= fio) if
f1< f10 or between T1’(f1=f10) and Tll(f1= 1) if
f1> fio. In Table I, 7/ is presented as a function of
temperature for f;=0, 0.5, 1, and fip when I<5. The
temperature is given in units of 7'z and 7’ in units of
K

In order to give a more detailed picture of the
influence of the temperature on the relaxation in Fig. 1,
we present 7,” as function of f; at various temperatures
for 7=3% (units are the same as in Table I).

Brewer et al.2 have measured the spin-lattice relaxa-
tion time of Co® nuclei in iron using NMR/ON tech-
nique (resonant destruction of nuclear orientation) at
temperatures between 7 and 75m°K. Because the y-ray
anisotropy, which is detected in NMR/ON measure-
ments, does not depend on f; but on f, (and higher-
order orientation parameters), a fair comparison of
theory with experiments requires further calculation.
The most satisfactory way would be to compare the
measured and theoretical curves giving the v-ray
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anisotropy or the nuclear-spin temperature as function
of time. However, we have only compared the relaxa-
tion times measured by Brewer e¢f al. with those calcu-
lated from formulas (18) and (20). The agreement
appeared to be satisfactory, when we use parameters
Tz=79m°K and (7:7),=1.5 sec °K.?

3 The value of Tz is calculated from experimentally measured
value of hyperfine field given by D. A. Shirley, in Hyperfine
Structure and Nuclear Radiations, edited by E. Matthias and
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The present theory suggests that some recent mea-
surements of ;7" for nuclei in ferromagnetic materials
should be reexamined in the light of the saturation
effects.

D. A. Shirley (North-Holland Publishing Co., Amsterdam, 1968),
Appendix B. The value of (m17)w is an approximate fit to the
measurements.

4 See, e.g., P. G. E. Reid, M. Scott, and N. J. Stone, in Ref. 3,
p. 799. For the nuclei Ir'%2 Au!® and Sb®2, 7 has the values
4,2, and % and T’z has the values 17, 14, and 6°mK.
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Measurements of the Knight shift K of Cu® and the nuclear spin-lattice relaxation rate 7171 of Cu® and
Cu® are reported for solid and liquid copper. The temperature T range covered for the solid is 300°K to the
melting point (1356°K). Measurements of K in the liquid extend from 1200°K (supercooled) to 1450°K;
measurements of 777! cover the range 1200-1370°K. In the solid, the Knight shift shows a slight increase
with temperature and, up to about 1000°K, the product’7;7'K? is constant. Above 1000°K, an additional
contribution to 7';71is observed which is attributed to a quadrupolar interaction with diffusing imperfections.
There is a sudden increase of about 3.7%, in K and 209, in the inferred magnetic contribution to 7', on going
from the solid to the liquid state at 1356°K. In the liquid state, both K and 7',T are independent of 7". The
values of 7171 in the liquid are consistent with a lack of quadrupolar contribution to 777L

I. INTRODUCTION

ECENT pulsed nuclear-magnetic-resonance in-

vestigations of the polyvalent liquid metals gal-
lium,! mercury,! indium,?? antimony,? and indium anti-
monide? have yielded useful information about the
electronic structure and local atomic order of these
systems. Some characteristics of the static and dynamic
magnetic fields experienced by a nucleus in a liquid
metal can be obtained from measurements of the Knight
shift K and the contribution of magnetic hyperfine
interactions to the nuclear spin-lattice relaxation rate
Ti'. Such measurements permit inference of the
changes of electronic structure and changes in electron-
electron correlation and exchange effects that accom-
pany fusion. Unfortunately, interpretation of the ex-
periments in the above polyvalent metals is rendered
difficult by the fact that most of them exhibit noncubic
structures in the solid state. The resulting large static
electric quadrupolar interactions complicate measure-
ment of K and T in the solids and make accurate de-

* Work supported in part by the U. S. Atomic Energy
Commission.
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terminations of their melting-point changes difficult.
(Although indium antimonide exhibits cubic symmetry
in the solid state, it transforms from a liquid metal to a
semiconductor on solidification, and is thus not typical
of a normal metal.) Investigations of T; and K in the
solid and liquid states of cubic metals are therefore par-
ticularly valuable, since in these metals the melting-
point changes may be rather precisely determined.

In addition to the magnetic interactions, some char-
acteristics of the dynamic electric field gradients in the
liquid may also be obtained for nuclei which possess
electric quadrupole moments, since the quadrupolar
interaction may make an observable contribution to
spin-lattice relaxation. The experiments cited above
show that these effects are quite important in the poly-
valent liquid metals. They have not, however, appeared
in the monovalent alkali metals.* This is presumably
due to the smaller ionic charge and low degree of p
character of the conduction-electron wave functions in
the alkali metals. However, for reasons given below, a
direct experimental determination of the quadrupolar
spin-lattice relaxation contribution is possible in only
one alkali metal (rubidium). It is thus of interest to

4+ D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 (1955).
Rossini (Ref. 3) has decomposed the liquid-Rb relaxation rates of
Holcomb and Norberg into magnetic and quadrupolar compo-
nents. Since the experimental error includes the possibility of zo
quadrupolar relaxation, we shall assume it to be so for the purposes
of this paper.



